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Abstract 

In this paper we will discuss the optimal risk transfer problems when 
risk measures are generated by G-expectations, and we present the rela- 
tionship between inf-convolution of G-expectations and the inf-convolution 
of drivers G. 
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1 Introduction 

Coherent risk measures were introduced by Artzner et al. [1] in finite 
probability spaces and lately by Delbaen [8,9] in general probability spaces. 
The family of coherent risk measures was extended later by Follmer and 
Schied [10,11] and, independently, by Frittelli and Rosazza Gianin [12,13] 
to the class of convex risk measures. 

The notion of g-expectations was introduced by Peng [15] as solutions 
to a class of nonlinear Backward Stochastic Differential Equations (BSDE 
in short) which were first studied by Pardoux and Peng [14]. Financial 
applications were discussed in detail by El Karoui et al. [6]. 

Let us introduce the optimal risk transfer model we are concerned with. 
This model can be briefly described as follows: 

Two economic agents A and B are considered, who assess the risk as- 
sociated with their respective positions by risk measures pa and ps- The 
issuer, agent A, with the total risk capital X, wants to issue a financial 
product F and sell it to agent B for the price ir in order to reduce his risk 
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exposure. His objective is to minimize pa(X — F + it) with respect to F 
and 7r, while the interest of buyer B is not to be exposed to a greater risk 
after the transaction: 

Pb(F-tt) <p B (0). 

Using the cash translation invariance property, this optimization problem 
can be rewritten in the simpler form 

mf{ PA (X-F) + p B (F)}. 
t 

This problem was first studied by El Karoui and Pauline Barrieu [2,3,4] 
for convex risk measures, in particular those described by g-expectation. 

Related with the pioneering paper [1] on coherent risk measures, sub- 
linear expectations (or, more generally, convex expectations, see [10,11,13]) 
have become more and more popular for modeling such risk measures. In- 
deed, in any sublinear expectation space (0, 7Y,E) a coherent risk measure 
p can be defined in a simple way by putting p{X) := E[— X], for X £ Ti. 

The notion of a sublinear expectation named G-expectation was first 
introduced by Peng [17,18] in 2006. Compared with g-expectations, the 
theory of G-expectation is intrinsic in the sense that it is not based on 
a given (linear) probability space. A G-expectation is a fully nonlinear 
expectation. It characterizes the variance uncertainty of a random vari- 
able. We recall that the problem of mean uncertainty has been studied 
by Chen-Epstein through g-expectation in [5]. Under this fully nonlinear 
G-expectation, a new type of Ito's formula has been obtained, and the 
existence and uniqueness for stochastic differential equation driven by a 
G-Brownian motion have been shown. For a more detailed description the 
reader is referred to Peng's recent papers [17,18,19]. 

This paper focuses on the mentioned optimization problem where the 
g-risk measures are replaced by one dimensional G-expectations, i.e., the 
problem: 

E Gl D t G2 [X] := inf{E Gl [X - F]+t G2 [F}}. 
F 

The main aim of this paper is to present the relationship between the above 
introduced operator E^D Eg 2 ['] and the G-expectation EgiDG 2 ["]- More 
precisely, we show that both operators coincide if G\dG2 7^ — oo. 

In this paper we constrain ourselves to one dimensional G-expectation, 
the multi-dimensional case is much more complicated and we hope to study 
this case in a forthcoming publication. 

Our approach is mainly based on the recent results by Peng [19] which 
allow to show that E^D Eg 2 [•] constructed by inf-convolution of Ec 1 [•] and 
Eg 2 [•] satisfies the properties of G-expectation. To our best knowledge, this 
is the first paper that uses the results of Theorem 4.1.3 of [19] to prove 
that a given nonlinear expectation is a G-expectation. 
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This paper is organized as follows: while basic definitions and properties 
of G-expectation and G-Brownian Motion are recalled in Section 2, Section 
3 states and proves the main result of this paper: If G1OG2 7^—00, then 
E Gl D E Ga [-] also is a G-expectation and 

E Gl DE G2 [-]=E GinG2 [-]. 

2 Notation and Preliminaries 

The aim of this section is to recall some basic definitions and properties of 
G-expectations and G-Brownian motions, which will be needed in the se- 
quel. The reader interested in a more detailed description of these notions 
is referred to Peng's recent papers [17,18,19]. 

Adapting Peng's approach in [19], we let be a given nonempty funda- 
mental space and 7i be a linear space of real functions defined on O such 
that : 

%)len. 

ii) 7i is stable with respect to local Lipschitz functions, i.e. for all n > 1, 
and for all X 1 , ...,X n £H,(f£ C Mip (M n ), it holds also ip{X u X n ) £ H. 

Recall that Ci t u p (M. n ) denotes the space of all local Lipschitz functions 
<p over R n satisfying 

W(x) - <p(y)\ < C(l + \x\ m + \y\ m )\x - y\,x,y£ R n , 

for some C > 0, m G N depending on ip. The set 7i is interpreted as the 
space of random variables defined on fi. 

Definition 2.1 A sublinear expectation E on Ti is a functional TL — > R 
with the following properties : for all X,Y £ 7i, we have 

(a) Monotonicity: if X > Y then ELY] > E[Y]. 

(b) Preservation of constants: E[c] = c, for all reals c. 

(c) Sub-additivity (or property of self-dominacy): 

E[X] — E[Y] <E[X-Y\. 

(d) Positive homogeneity: E[AA] = AE[X],VA > 0. 

The triple (f2,W,E) is called a sublinear expectation space. It general- 
izes the classical case of the linear expectation E[X] = j n XdP, X G 
L 1 (Q, V), over a probability space (fi, J 7 , V). Moreover, p(X) = E[— X] 
defines a coherent risk measure on H. 
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Definition 2.2 For arbitrary n,m> 1, a random vector Y = (Y\, Y2, ...,Y n ) E 
H n {=HxHx ...x H) is said to be independent of X e H m under £[•] if 
for each test function ip E C/ j /j p (R n+m ) we have 

E[^(X,F)] =E[E[<p(x,Y)] x =x}. 

Remark: In the case of linear expectation, this notion of independence is 
just the classical one. It is important to note that under sublinear expec- 
tations the condition Y is independent to X does not imply automatically 
that X is independent to Y. 

Let X = (X\, ...,X n ) E TL n be a given random vector. We define a func- 
tional on C^npiW 1 ) by 

t x [<p] :=E[v9(Y)],^EC Mip (M n ). 

It's easy to check that Fx[*] is a sublinear expectation defined on (R n , Ci j u p (W 1 )). 

Definition 2.3 Given two sublinear expectation spaces (£1, 7i, E) and (0, 7i, E), 
two random vectors X E TC n and Y E TC n are said to be identically dis- 
tributed if for each test function ip E Ci : n p (R n ) 

¥ x [<p] =W Y [<p]. 

We now introduce the important notion of G-normal distribution. For this, 
let < a < a E R, and let G be the sublinear function: 

G(a) = ^ 2 a + - ct 2 cO, a E R. 

As usual a + = max{0,a} and a~ = (— a) + . Given an arbitrary initial 
condition ip E Ci t u p (R), we denote by u v the unique viscosity solution of 
the following parabolic partial differential equation (PDE): 

d t u v {t, x) = G(d 2 xx u v ,(t, x)), (t, x) E (0, 00) x R, 
Up(0,x) = tp(x), x E R. 

Definition 2.4 : A random variable X in a sub-expectation space (f2, TC, E) 
is called G^-normal distributed, and we write X ~ A/"(0; [a 2 ,^ 2 ]), if for 
all ip E C Mip (R), 

%p(x + y/iX)] := u<p(t, x), (t, x) E [0, 00) x R. 
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Remark: From [18], we have the following Kolmogrov-Chapman chain 
rule: 

u v (t + s, x) = Efli^t, X + y/sX)], s > 0. 

In what follows we will take as fundamental space the space Co(M + ) of 
all real-valued continuous functions (wt)t e R+ with ojq = 0, equipped with 
the topology generated by the uniform convergence on compacts. 
For each fixed T > 0, we consider the following space of local Lipschitz 
functionals : 

Ht = Lip(Ft) ■ 

= {X(u) = i P (u tl ,...,u; t J,t 1 ,...,t m £ [0,T],<pe C ljlip (R m ),m> 1}. 
Furthermore, for < s < t, we define 

Hf = Lip(T?) : 

= i X {u) = ¥(ut 2 - tv tl ,...,uj tm+1 -u tm ),t 1 ,...,t m+ i £ [s,t], 
^a ilip (l m ),m>l}. 

It is clear that Hf Q Ht Q L%p{Tt)-, for s < t < T. We also introduce the 
space 

oo 

H = Lip{T) := (J Lip{T n ). 
n=l 

Obviously, Lip{!Ff), Lip^r) and Lip(T) are vector lattices. 

We will consider the canonical space and set 

B t {uj) = u>t,t £ [0, oo), for uj £ f2. 

Obviously, for each t £ [0, oo),B t £ Lip(Tt). Let G(a) = G^ia) = 
T;(a 2 a + — g^a~), a £ R. We now introduce a sublinear expectation E defined 
on Ht = Lip(jFx)i as wen as on H = Lip{T\ via the following procedure: 
For each X £ Ht with 

X = tp(B tl - B Uv B t2 - B tl ,...,B tm - B tm _ x ), 

and for all ip £ C^n p (W n ' 1 ) and = to < t± < ... < t m < T, m > 1, we set 

E[<p(B tl -B t0 ,B t2 -B tl ,...,B tm -Bt^)] 

= E[<p(Vh — io£l) •••) y/tm- tm-lCm)], 

where (£i, £ m ) is an m-dimensional random vector in some sublinear 
expectation space (Q,H, E), such that £j ~ AA(0; [cr 2 , a 2 ]) and is inde- 
pendent of (£i, for alH = 1, m — 1, m G N. The related conditional 
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expectation of X = tp(B tl - B to ,B t2 - B h ,...,B tm - Bi m _J under H tl is 
denned by 

E[X\Ht j }=n(p(B tl -B t0 ,B t2 -B tl ,...,B tm -B tm _ 1 )\H tj } 
= iP(B tl -B t0 ,...,B t .-B t ._ 1 ) 

where 

1p(xx, ...,Xj) = E[</j(xi, ...,Xj,y/t j+ i - tj£j+l, y/t m - tm-ltim)]- 

We know from [18,19] that E[-] defines consistently a sublinear expectation 
on Lip(J-), satisfying (a)-(d) in Definition 2.1. The reader interested in a 
more detailed discussion is referred to [18,19]. 

Definition 2.5 The expectation E[-] : Lip{!F) — > R defined through the 
above procedure is called G^-,— expectation. The corresponding canonical 
process (Bt)t>o in the sublinear expectation is called a G a ^- Brownian mo- 
tion on (Q,H,E). 

At the end of this section we list some useful properties that we will need 
in Section 3. 

Proposition 2.6 ([18,19]) The following properties of E[-|W t ] hold for 

all X, Y G H = Lip(T) : 

(a')If X > Y, then E[X\H t ] > t[Y\H t ]. 

(b')E[77|W t ] = tj, for each t G [0,oo) and 77 G H t . 

(c')e[x|Wj] - E[y|w t ] < ely - r|w t ]. 

(d')E[7/X|W t ] = r, + E[X\H t ] + r)-E[-X\H t ], for each rj G 
We also have 

E[E[X|Wt]|W s ] = E[X|W tAs ], and in particular, E[E[X|H t ]] = E[X}. 

For each X G Lip^J 7 ^), E[X\Tlt] = E[X], moreover, the properties (b') and 
(c') imply: E[X + ^Wj] = E{X\H t ] + r/, whenever r? G H t . 
We will need also the following two propositions, and for proofs the reader 
is referred to [18,19]. 

Proposition 2.7 For each convex function <p and each concave func- 
tion V with <p(B t ) and ip(B t ) G H t , we have E[ip(B t )] = E[<p(aWt)] and 
E[iJj(Bt)] = E[tp(gWt)], where {Wt)t>o is a Brownian motion under the lin- 
ear expectation E. 

Proposition 2.8 Let Ei[-] and E%\;] be a G q __ l ^ x and a G~& 2 expecta- 
tion on the space (£l,TC), respectively. Then, if [cx-^cti] C [o^,^], we have 
Ei[X] < E 2 [X] and E^Ht] < E 2 [X\H t ], for all X G H and all t > 0. 
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3 Inf- convolution of G-expectations 

The aim of this section is to state the main result of this paper, that 
is the relationship between the inf-convolution E^D E<2 2 [-] and the G- 
expectation Eg^Q^f-]. We begin with the definitions necessary for the 
understanding of these both expressions. 

For given < < ffj G K, i=l,2, let Gi = G g _.-g i and we denote by Ej[-] the 

Gi-expectation Eg, [•] on {Cl,H) (= (Co(M + ), Lip{T))). The inf-convolution 
of Ei[-] with E 2 [-], denoted by EiD E 2 [-] is defined as : 

EiD %{X] = inf {Eipf - F] + E 2 [F]}, X £ H. 

F^hL 

Notice that EiD E 2 [-] : H^RU {-oo}. 
In the same way we define 

G l UG 2 {x) = inf {Gi(x -y) + G 2 {y)}, xeR. 

Observe also that GiOG 2 {-) : R — > R U {— oo}. It is easy to check that 
G\OG 2 {-) has the following form: 



G 1 UG 2 {x) = { ^ . , 



oo, [2:1,0-1] n [£ 2 ,cr 2 ] = 0; 

I {a 2 x + - a 2 x~ ) , [0:1 , at] n [a 2 ,a 2 ] = [a, a] ^ 



If G\OG 2 {-) = —00, then also EiD E 2 [-] = —00. More precisely, we have 
the following proposition: 

Proposition 3.1 If \a_i^\] n \a 2 ,a 2 ] = 0, then EiDE 2 [X] = -00, for 
all x en. 

Proof: Without loss of generality we may suppose a\ < a_ 2 . Choosing 
F = —\B 2 , A > 0,t > 0, we then have due to Proposition 2.7 that for all 
X ETC, 

Ei[X - F]+E 2 [F] 
= M 1 [X + XB 2 ]+E 2 [-XB 2 ] 

< Ei[X] + Ei[A5 t 2 ] + %[-XBl] 

< Ei[X] +\a\t- \a_lt. 

Letting A — ► 00, we obtain EiD E 2 LY] = — 00. ■ 



If [2Li) CJ i] H [o 2 ,o" 2 ] is not empty we have the following theorem, which 
is the main result of this paper. 

Theorem 3.2 Let Ei[-] and E 2 [-] be the two G-expectations on the 
space {CI, TC), which have been defined above. If GiDG 2 (-) / —00, then 
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EiD E 2 [-] is a G-expectation on (Q,7i) and has the driver G1OG2, i.e., 
EiDE 2 [-] =E GlDG2 [-]- 

Let us first discuss Theorem 3.2 in the special case. 

Lemma 3.3 Let [oj^tfi] C [cr 2 ,<7 2 ]. Then GiDG^O) = G\(-), as well as 
EiDE 2 [-] =Ei[-]. ~ 

Proof: We already know that GidG^f/) = Gi(-), so it remains only to 
prove that EiD E 2 [-] = Ei[-]. For this we note that, firstly, by choosing 
F = in the definition of EiD E 2 , we get EiD E 2 < Ej, i= 1, 2. 
On the other hand, due to Proposition 2.8 we know that Ei < E 2 . Thus, 
from the subadditivity of Ei[-], 

Ex[X-F] + E 2 [F] >Ei[X-F]+Ei[F] >Ei[X], FeH. 

Consequently, EiDE 2 [-] = Ei[-]. Thus, Theorem 3.2 holds true in this spe- 
cial case. 

The case [a t , <fi] 5 [<1 2 , ct 2 ] can be treated analogously. ■ 

The situation becomes more complicate if neither [ct 1 ,o ; i] C [<t 2 ,<7 2 ] nor 
[£2)^2] ^ Without loss of generality, we suppose that [zii^i] f] [£2, ^2] 

= [oi 2 ,ai]. In this case 

G 1 UG 2 {x) = ^(a 2 lX + -g%x~) = G 3 (x), x G R, 

where G3 = G&, ■ Sl . By E3[-] we denote the G-expectation on (ft,H) with 
driver G^(-). The above notations will be kept for the rest of the paper. 
Our aim is to prove that EiD E 2 [-] = E^[-]. 

The proof is based on Theorem 4.1.3 in Peng's paper [19]; this theo- 
rem characterizes the intrinsic properties of G-Brownian motions and G- 
expectations. 

Lemma 3.4 ( see Theorem 4.1.3, Peng [19]) Let (B t )t>o be a process 
defined in the sub-expectation space (0, H., E) such that 

(i) B = 0; 

(ii) For each t,s > 0, the increment Bt+ S — Bt has the same distribution as 
B s and is independent of (B tl , B t2 , B tn ), for all < ti,...,t n <t,n>l. 

(iii) E[Bt] = E[-B t ] = 0, and lim^o E^l 3 ]*- 1 = °- 

Then (Bt)t>o is a Go-^-Brownian motion with a 2 = E[J3^] and a 2 = 

-n-B 2 ]. " 

In the sequel, in order to prove Theorem 3.2 we will show that the inf- 
convolution EiD E 2 [-] is a sublinear expectation on (O, TC). This will make 
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Lemma 3.4 applicable. More precisely, we will show that under the sub- 
linear expectation EiD E 2 [-] the canonical process (Bt)t>o satisfies the 
assumptions of Lemma 3.4 iov a = a\,g_ = g_ 2 - This has as consequence 
that (B t )t>o is a G^^-Brownian motion under EiD E 2 [-], and implies 
that EiD E 2 [-] = E 3 [-]. 

Proposition 3.5 Under the assumption \a_ 1 , ax] Dtl2> ^2] = [£2^1]' the 
inf-convolution EiD E 2 [-] is a sublinear expectation on (O, Ti). 
Proof: (a) Monotonicity: The monotonicity is an immediate consequence 
of that of the G-expectation Ei[-]. 

(b) Preservation of constants: From the preservation of constants prop- 
erty and the subadditivity of Ei, we have 

EiD E 2 [c] 

= inf {Eifc- F] + E 2 LFlj 
Few 

= c+ inf {tx[-F] + E 2 [F]} 
Fen 

>c+ inf {E 3 [-F] + E 3 [F]} 
FeH 

> c. 

The latter lines follow from the fact that E3 < Ej, i = 1,2, and the subad- 
ditivity of E3. Moreover, by taking F=0 in the definition of EiD E2[c] we 
get the converse inequality. 

(c) Sub-additivity: Given arbitrary fixed X, Y £ 7i, in virtue of the sub- 
additivity of Ei[-] and E 2 [-], we have for all Fx,F 2 G H 

Ei[X - Y - Ft] + E 2 [Fx] +Ei[T - F 2 ] + E 2 [F 2 ] 
> Ei[X - (Fx + F 2 )] + E 2 [Fx + F 2 ]. 

Consequently, 

EiD E 2 [X -Y]+ EiD E 2 [Y] 
= inf {E 1 [X-Y-Fx]+M 2 [F 1 ]+Ex[Y-F 2 ]+E 2 [F 2 \} 

F 1 ,F 2 £H 

> inf {Ei [X — Fx — F 2 ] + E 2 [Fx + F 2 ]} 
F 1 ,F 2 en 

= EiD E 2 [X]. 

(d) Finally, the positive homogeneity is an easy consequence of that of Ei[-] 
andE 2 [-]. ■ 

The following series of statements has as objective to prove that the canon- 
ical process (B t )t>o satisfies under the sublinear expectation EiD E 2 [-] the 
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assumptions of Lemma 3.4. 



Lemma 3.6: Let ip be a convex or concave function such that <p(Bt) E 7i, 
then E 1 n& 2 [<p(B t )]=E 3 [<p(B t )]. 

Proof: We only prove the convex case, the proof for concave <p is analogous. 
If <p is convex we have according to Proposition 2.7 , 

E 3 [<p(B t )]=E[<p(* 1 Wt)]=fci[<p(B t )]. 

By Proposition 2.8 we know that Ej[-] > E3[-],i = 1,2, and consequently, 
also EiD E 2 [-] > E 3 [-]. 

On the other hand, since obviously, EiD E 2 [-] < Ei[-], we get, for convex 
functions ip, EiD E 2 [</?(.Bi)] = E3[y(.Bt)]. Similarly we can prove the con- 
cave case. ■ 

Remark: From Proposition 3.5 we know already that EiD E 2 [-] is a sub- 
linear expectation. This implies EiD E 2 [0] = 0. From Lemma 3.6, we have 
that F* = is an optimal control when ip is convex, while the optimal 
control is F* = ip(Bf) when ip is concave. Moreover, 

EiDEaf-Bt] =EiDE 2 [Bi] =0 

EiD t 2 [Bf] =a\t, EiD E 2 [-5 2 ] = -g$t. 

Lemma 3.7: We have ElD E f Bt ^ 0, as t -> 0. 

Proof: Since <p{x) = |x| 3 is convex, we obtain due to Lemma 3.6 that: 

EiD E 2 [|£ t | 3 ] = t 3 [\B t \ 3 ] = a?E[|W!| 3 ]t 3 / 2 , 

where (Wt)t>o is Brownian motion under the linear expectation E. The 
statement follows now easily. 

Proposition 3.8: We have 

ElD Mv{B t - B s )} = EiD E 2 [ip(B t _ s )], t > s > 0, ip E C yip (R). 

The proof of Proposition 3.8 is rather technical. To improve the readability 
of the paper, the proof is postponed to the annex. 

Lemma 3.9: For each t > s, B t — B s is independent of (B tl ,B t2 , ...,B tn ) 
under the sub- linear expectation EiD E 2 [-], for each n 6 N, < t\,...,t n < 
s, that is, for all ip G C lyHp (R n+1 ) 

EiD E 2 [y(J3 tl ,B t2 ,..., B tn , B t — B s )} 

= E 1 nE 2 [E 1 nE 2 [^(x 1 ,...,x n , J B 4 -s s )]| (xii ... iXn)={i?tii ... An) ]. 
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We shift also the proof of Lemma 3.9 to the annex. 



We are now able to give the proof of Theorem 3.2: 

Proof (of Theorem 3.2): It is sufficient to apply Lemma 3.4. Due 
to the above statements, we know that the canonical process (-Bt)t>o is 
a G-Brownian motion under the sublinear expectation EiDE 2 [-]. Conse- 
quently EiDE 2 [-] is a G-expectation on the space and has the driver 
G1OG2 = Ga 2 ,ai- B 

Given n sublinear expectations Ei, ...,E n we define iteratively 

EiDE 2 nE 3 := (EiDE 2 )nE3, 

and 

tiut 2 u...uk k -.= (EinE 2 n...nE fc _i)nEfc, 3 < k < n. 

Then from Theorem 3.2 it follows: 

Corollary 3.10: Let < £j < ffj, 1 < i < re, and denote by Ej[-] the 

^ -expectation on the space (f2, Ti). Then under the assumption 
P]" =1 [aj, aj] / 0, E1OE2CI. ..□!£„[•] also is a G-expectation and has the 
driver G„ i ^ 1 'C\G^ 2i - S2 'C\...'C\G g _ n ^ n . Moreover, for any permutation ii, ...,i n 
of the natural numbers l,...,n it holds: 

EiDE 2 n...nE n [-] = E il DE i2 n...nE in [-]. 



Remark: If nr=ifc' cr «] is em Pty, then EiDE 2 D...DE n [-] = -00, other- 
wise EiDE 2 n...DE n [-] is a G^-expectation, where [g_, a] = PliLifc'^]- 



4 Annex 

4.1 Proof of Proposition 3.8 

We begin with the proof of Proposition 3.8. For this we need the following 
two lemmas. 

Lemma 4.1: For all T > and all X S T~Ct, we have 

inf {E^X - F] + E 2 [F] } = mf {E^X - F]+E 2 [F]}. 
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Proof: From TIt CWwe see that 

inf {Ei [X — F] + E 2 [F] } > inf {&i[X - F] + E 2 [F]}. 

Thus it remains to prove the converse inequality. 

First we notice that, due to Proposition 2.8 and the subadditivity of E3, 
for any F £ 7i, 

e 2 [f\h t ] +E 1 [-F\H T ] > E 3 [F|W T ] +E 3 [-F\H T ] > 0. 
Consequently, for all X £ Ht and all F £ Tt, 

E^X-F] + E 2 [F] 
= t 1 [t 1 [X - F\H T ]] + E 2 [F] 
= Ei[X + Ei[- J P|H T ]]+E 2 [F] 
= E 1 [X-(-E 1 [-F\Ht])}+E 2 [-E 1 [-F\H t ]} 

-E 2 [-Ei[-F|H T ]] +E 2 [E 2 [F|H t ]] 

> Ei[X - (-Ei[-F|H T ])] +E 2 [-Ei[-F|W t ]] 

> inf {Ei[X-F] + E 2 [F]}. 

The statement now follows easily. ■ 

Lemma 4.2: For all X e Hf, < s < t, the following holds true: 
inf {E,[X — F] + E 2 [F}} = te{Ei[X — F] + E 2 [F]}. 

r Grit r Grit 



Proof: Firstly, from TCf CH (l we have, obviously, for all X £ 7i 



t > 



inf {EUX - F] + E 2 [Flj < inf {Eipf - F] + E 2 [Flj. 

Secondly, for any X £ TCf and F £ TCt, we can suppose without loss of gen- 
erality that X = <p(B tl -B s , B tn -B s ) and F = ^(B f , B t , , , B tl - 
B s ,...,B tn - B s ), where £'i, ...,£*. £ [0,s], ti,...,t n £ [s,t],n,k £ N, 9? £ 
C lMp (R n ) and V £ C Mip (M n+fc ). 
To simplify the notation we put: 

*i = (Bt' 1 ,B t/2 ,...,B t > k ),Y 2 = (B tl - B s ,...,B tn -B a ),x= (x 1 , x 2 , x k ). 
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Then, 

Ei[X -F]+E 2 [F] 
= E 1 [E 1 [ip(Y 2 )-^(Y 1 ,Y 2 )\H s ]]+E 2 [F] 
= E 1 [E 1 [ V 9(y 2 ) - V(x,y 2 )]|x=y 1 ] +MF] 

= e 1 [{e 1 [< p (y 2 ) -v(x,y 2 )] +E 2 [^( x ,y 2 )] -E 2 [v(x,y 2 )])| x=Yl ] +e 2 [f] 

> Ei[ inf^ExfX - F] + E 2 [F]} - E 2 [^(x, y 2 )]|x=y 1 ] + E 2 [F] 
= F ^.{Ei[X - F] + E 2 [F]} +E 1 [-E 2 [^(x,F 2 )]| x=n ] 



+E 2 pE 2 [^(x,r 2 )]| 



x=Y, 



> inf {EifX - Fl + E 2 [Flj. 
Thus the proof is complete now. ■ 
Now we are able to prove Proposition 3.8. 

Proof (of Proposition 3.8): For arbitrarily fixed s > 0, we put Bt = 

Bt+ S — B s , t > 0. Then, obviously, TL s t+s = Tit, t > 0, where Tit is generated 
by Bf. Moreover, Bt is a G-Brownian Motion under Ei and E 2 . 
According to the Lemmas 4.1 and 4.2, we have the following: 

EiDEa^JSt-S,)] 
= inf{E l [ip(B t -B s )-F}+E 2 [F]} 

= inf {E 1 [ip(B t _ s )-F]+E 2 [F}} 

F£Ht-s 

= inf {Ei^B^-Fl+EalF]} 

= E 1 DE 2 [^_ S )]. 
Thus the proof of Proposition 3.8 is complete now. ■ 



4.2 Proof of Lemma 3.9 

Let us come now to the proof of Lemma 3.9, which we split into a sequel 
of lemmas. 

Lemma 4.3: For all ip £ C l>lip (W l+1 ) 1 n £ N and < h, ...,t n < s < t, it 
holds: 

EiD E 2 [^(£ tl ,B t2 ,...,B tn ,B t -B s )} 
> %D EapEiD E 2 [<p( Xl ,...,x n ,B t - B s )}\ ixi _ Xn)={Bti _ Bt J. 
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Proof: Let X = (p(B tl , B t2 , B tn , Bt — B s ). Without loss of general- 
ity we can suppose that F G TL has the form ip(B t ^, B t >^ B t > k , Bt' k+l ~ 
B s ,-,B t , m - B s ), where < h, ...,t n ,t[, ...,t' k < s, t' k+l , ...,t' m > s,m > 
k,m,ke N, and ip G C l)lip (M n+1 ),i(j G C Mip (M m ). 

For simplifying the notation we put: 

xi = (xi, ...,x n ),x 2 = (x[, ...,x' k ), Y\ = (B h ,B t2 ,...,B tn ), 
Y 2 = {B t t i ,...,B t t k ),Y B = (B t > k+i -B s ,...,B t ' m - B s ). 

Then 

Et[X - F] + E 2 [F] = Ei [Ex [X - F\H S }} + t 2 [E 2 [F\H s ]] 
= Ei [Ei fc>(xi ,B t -B s )- V(x 2 , r 3 )] | Xl=n>X2= y 2 ] 
+E 2 [E 2 [V(x 2 ,y 3 )]|x 2 =y 2 ] 

= Ei[(Ei[^(xi, 5 t - b s ) - v(x 2 , y 3 )] + E 2 [^(x 2 , y 3 )] 

-E 2 [^(x 2 ,y3)])|x 1 =y 1 ,x 2 =y 2 ]+E 2 [E 2 [^(x 2 ,y 3 )]|x 2 =y 2 ] 

> Ei[(EiD E 2 ^(xi,B t - B 8 )] -E 2 [^(x 2 ,y 3 )])| Xl= y liX2= y 2 ] 

+E 2 [E 2 [^(x 2 ,y 3 )]| X2= y 2 ] 

> EiD E 2 [EiD E2[<p(xi,Bt - B s )]\^ 1=Yl ] 

= EiD E 2 [EiD E 2 [(^(xi, ...,x n ,B t - B s )]\ {xi _ Xn)={Bti _ Bt J. 

Hence, we get 

EiD E 2 [cp(B tl , B t2 , B tn , B t - B s )} 

> EiD E 2 [EiD t 2 [tp{x u ...,x n ,B t - B s )}\ {xi _ Xn)={Bti _ Bt J. 

The proof of the Lemma 4.3 is complete now. ■ 

Let Lip(W n ),n G N, denote the space of bounded Lipschitz functions 
ip G Lip(W n ) satisfying: 

\p{x) - tp(y)\ < C\x - y\ x,y€R n , 

where C is a constant only depending on ip. 

The proof that 

EiD E 2 [(p(B tl , B t2 , B tn ,B t - B s )\ 
< EiD E 2 [EiD E 2 [ ( p(x 1 ,...,x n ,B t - B s )]\ {xi _ Xn)={Bti _ Bt J 

is much more difficult than that of the converse inequality. For the proof 
we need the following statements. 
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Lemma 4.4: We assume that the random variable ^{B^ , Bt 2 —Bt ± , Bt n — 
Bt n -x)-> with ti < ti + i, i = l, ...,n— 1, n G N and G Lip(]R n ), satisfies the 
following assumption: there exist L,M > s.t. \(p\ < L, and <p(x,y) = 0, 
for all (x,y) G [-M,M] C x R n_1 . 
We define 

<t>{x) : = EiDEa^Cx.Bfe, - B tl ,...,B tn - B tn _ L )} 

= inf {E 1 [ l p(x,B t2 -B tl ,...,B tn -B tn _ 1 )-F]+E 2 [F}}. 

Then we have the existence of an e-optimal i(j(x) of the form ip{x,B t ^ — 
Bt X i By ~ Bt x ), i.e., for any e > we can find a finite dimensional 

function tp(x,-) G C^ii p (M. l ),l > 1, such that, for suitable t' 2 , ....,t' l+1 > t\, 

#c) := Mi[ip(x, B t2 — B tl , B tn — ) 
-TP(x,B t , 2 -B tl ,...,B t , +i -B tl )} 

+t^{x,B^-B tl ,...,B t , +i -B tl )] 

satisfies 

Proof: Since (f G Lip(W n ), we find for any e > some sufficiently large 
J > 1 s.t. for all with |x— x\ < ^j- it holds \<f(x, y)—tp(x, y)\ < e/6. 

We then let — M = xq < xi < .... < xj = M, be such that \xj+\ — Xj\ = 
2J f, 0<j< J-l. 

On the other hand, for every fixed j there are some rrij > 1, tjj > t\ 
{2<i< rrij) and V Xj € C^Q^' -1 ), such that 

0(^) ^Eifcfo.Bfc ...,£*„ -S^.J 

+E 2 [^(B fe .-B tl ,... J B tm . i .-B tl )] 
< <t>(xj) + e/6. 

Since there are only a finite number of j we can find a finite dimensional 
function denoted by ip(xj,y), y G R', s.t. for each fixed j, tp(xj,-) G 
C^ipCR 1 ) and 

^(z^ - B tl ,...,B t , +i - B tl ) = V j {B t2 . - B tl ,...,B tm .^ - B tl ), 
where {i' 2 , £j +1 } = U/=i{*2,j, -, ^-.j}- 
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With the convention ip(xo, y) = fp(xj, y) = 0, y G M. 1 , we define 



i/j(x,y) := < 



-^Mx^y) + x ' x j x M x j+u y), x G [xj-.Xj+i], 



< j < J - 1, 
0, otherwise. 



Obviously, r/>(x,y) G Q,n p {R l+1 ). 

We now introduce ip(x) : 

= E 1 [ l p(x,B t2 -B tl ,...,B tn -B tn _ 1 )-i;(x,B^-B tl ,...,B t[+i -B tl )] 
+E 2 ty(x,B t ,-B tl ,...,B t , -B tl )}. 



"i+i 

If x ^ [— M, M], •) = and ip(x,-) = 0. Consequently, = 0. 

Moreover, from Proposition 3.5 we have that for x ^ [-M, M] also <j)(x) = 
0. Then ijj(x) = 4>(x) = when x ^ [— M, M], and we have also \ip(xj) — 
0(^)1 5; e /6 for each j. We also recall that, for all < j < J — 1 and all 

X G [Xj , f-l] , 

- y(x h y)\ < e/6, for all y G ]R n_1 . 
Our objective is to estimate 

$(x) - <j>{x)\ < ${x) - <f>( Xj )\ + Mxj) - <f>(x)\. 
For this end we notice that, with the notation: 

Y\ = (B t2 - B tl ,...,B tn - B tn _ 1 ),Y 2 = (B t , 2 - B h , B t ^ - B h ), 

we have from the definition of 4>{x) and 4>{xj) and from the properties of 
E1OE2 as sublinear expectation: 

\<f>(x) - <j>(xj)\ < EiDE a [|¥»(x,yi) - < e/6. 

On the other hand, since \ip(x,Yi) — ip(xj,Yi)\ < e/6, 

\if(x) - 4>(Xj)\ 
= lEi^x, Fi) - Y 2 )} + E 2 [^(x, y 2 )] - <j,{ X j)\ 
<|E 1 [ ¥ »(x i ,yi)-V'(x,y2)]+E2[^(s > y2)]-0(a?j) I +e/6. 
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Due to the definition of <j>{xj), the latter expression without module is 
non- negative. Thus, 

${x) - 4>{Xj)\ 

< Ei[ip(xj,Yi) — ip(x, Y 2 )\ + E 2 [^(x, Y 2 )\ - <j>(xj) + e/6 

< Ei[ Xj+1 ~ x ((p(xj,Y\) - 4>(xj,Y 2 )) + X ~ X J ^(xj+i.n) 

X j _j- ~\_ j ^3 H - 1 "^3 

-^(x j+1 ,Y 2 ))) + E 2 [ Xi+1 J X ^( Xj ,Y 2 ) + X ~ Xj M x j+1 ,Y 2 )] 

"^3 'j "t - 1 

+ 2e/6 

< ^±1£^ {Eit^-.yi) -^(xj,r 2 )] + E 2 [^(x j ,y 2 )] -^fa)} 

+ X ~^' {Ei[y( gj - + i,yi) - V(^ + i,y 2 )] +E 2 ty(x j+1 ,Y 2 )] - 4>{ Xj )} 

Xj + i Xj 

+2e/6. 

Hence, due to the choice of ip x i and ^ x i+ 1 , 

${x) -</>(xj)\ < 5e/6. 

This latter estimate combined with the fact that for — <j>(xj)\ < e/6 

then yields 

The proof of Lemma 4.4 is complete now. ■ 
Lemma 4.4 allows to prove the following: 

Lemma 4.5: Let ip £ Lzp(R n ) be bounded and such that, for some 
real M > 0, supp(i^) C [-M,M] x R™" 1 . Then, for all < h < t 2 ... < t n , 

EinE 2 [<^(B tl ,B t2 - B tl ,...,B tn - B^J] 
= E 1 Dt 2 [E 1 Dt 2 [i P (x,B t2 -B tl ,...,B tn -B tn _ 1 )]\ x=Bt Jl 

Proof: Firstly, it follows directly from Lemma 4.3 that: 

iLiUk 2 [<p{B tl ,B t2 - B h) ...,B tn - Bt^)} 
> EiDE 2 [EiDE 2 [( / 9(x, B t2 - B tl ,...,B tn - B^JH^bJ]. (1) 

Secondly, from Lemma 4.4 we know that for any e > there is some 
4> £ Ciji p (M. l+1 ) such that \ip(x) — (f>(x)\ < e, for all x £ R, where ip(x) and 

have been introduced in Lemma 4.4 . 
Due to Lemma 4.1, there is 0(B t //, B t „) £ H tl ,0 < t", ...,t'{. <t 1} k € N, 
such that 

lEx^J-^i^,....,^ < e. 
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For t' 2 , ...,t' l+1 > t\ from the definition of ip(x) in Lemma 4.4 we put 
TP'(x)=E 2 ^(x,B t , 2 -B tl ,...,B t , +i -B tl )] 

and 

F = ilj(B tl ,B t , 2 - B tl ,...,B t[+i - B tl ) + $(B t „,....,B t „) - ^'(B tl ). 
Notice that 

E 2 [F\H tl ] = 0(B t ,,,....,B t „) 

and 

t^B^Bt, - B h ,...,B tn - S tn _J - F\H h ] = $(B tl ) - ${B t ,,,....,B t »). 
Then, due to the choice of 4>(B t >^, B t n), 

EiD^(S tl ,B fa -B tl ,...,B tn -B^_J]-E 1 n^[0(^^ 

< Ei[(p(B tl ,B t2 - B tl ,...,B tn - S tn _J - F]+E 2 [E 2 [F\n tl ]} 
-(Ex[0(fi tl ) - 0(5^, J^)] + E 2 [0(B t ,,, JStg)]) + e 

= Ex[(p(B tl ,B t2 -B tl ,..., B tn - S tn _J - F] 

-]& 1 [0(Bi 1 )-0(B t? ,....,B t «)]+e 
= EipE 1 ^(S tl ,S ta -B^.^B^-Bt^-FlHt,}} 

-Ei[0(J3 tl )-0(J3 ti /,.... J B tj /)] + e 
= Ei^J - ....,B t »)] - ^[0^) - 0(5^, ...., J B t »)] +e 

< 2e. 

From the definition of </> in Lemma 4.4 and the arbitrariness of e > it 
follows then that 

E l UE 2 [ V (B tl ,B t2 -B tl ,...,B tn -B tn _ 1 )] 
< EiDEatEiDEabfoBt,, - B h ,...,B tn - B^)]^^]]. 

This together with (1) yields the wished statement. The proof of Lemma 
4.5 is complete now. ■ 

In the next statement we extend Lemma 4.5 to general functions of Lip(M. n ). 

Lemma 4.6: Let ip £ Lzp(R n ), n > 1, and t n > t n -\ > ... > h > 0. 
Then 

EiDE 2 [ip(B tl , B t2 - B tl , B tn — -B tn _ 1 )] 
= E 1 nE 2 [E 1 DE 2 [^( a; ,B t2 -B tl ,...,B« ft --B tlt _ 1 )]| x= B tl ]]. 
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Proof: Let L > be such that \tp\ < L. Given an arbitrarily large M > 
we define, for all y £ R" -1 , 



ip(x,y) :-- 



<p(x,y), xe[-M,M] 

ip{-M,y)(M + 1 + x), xG[-M-l,-M] 

cp(M,y)(M + 1 - »), xe[M,M + l] 

0, otherwise. 



Obviously, satisfies the assumptions of Lemma 4.5. 
Letting 



and 

we have 



•) = E 1 DE 2 [^x,B t2 - 


- B tl , 


-,B tn - 


~B tn 


-l) 


1 = E 1 DE 2 [<p(x,B t2 - 


B ti, 


■~,Bt n - 


B tn - 


-l)] 


\<f>(x)-<f?(x)\ 










= \EinE 2 [(p(x,B t2 - 


Bt x , ■ 


■;B tn - 


B t 


-l)] 


-E 1 UE 2 [^{x,B t2 - 


Bti, 


■;Bt n ~ 


B t n - 


-l)] 


<E x nk 2 [\ip(x,B t2 - 


Bti , ■ 


;B tn ~ 


B t n - 


-l) 


-tp(x,B t2 - B tl , .. 


-, B t n 


~ B tn-i] 


)|] 





2L. 
- M 1 1 



Consequently, 



|EinE 2 [0(B tl )] -EiDE 2 [^(S tl )]| < EiDE 2 [^(B tl ) - fi(B tl ] 

2L 2L 
<E 1 DE 2 [—\B tl \] = —E 1 DE 2 [\B tl \}. 

On the other hand, from the definition of <p we also obtain 

|EinE 2 [^(5 tl ,B t2 - B tl , ...,B tn - Bt^)] 
-EinE 2 [^(B tll B t9 -B tl ,... ) 5 tft -B t „_ 1 )]| 
<E 1 nE 2 [\ip(B tl ,B tli -B tl ,...,B tn -B tn _ 1 ) 

-^{B^B^-B^.^B^-Bt^M 

K^EyUE^BtM 
Thus, since due to Lemma 4.5 

E 1 DE 2 [!p(B tl ,B t2 -Bt 1 ,...,Bt n -B tn _ 1 )]=E 1 DE 2 [!p'(B tl )], 
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we get by letting M t—. > +00 the relation 

trUt^B^Bt, - B tl ,...,B tn - B^)] 
= E 1 DE 2 [t 1 nE 2 [<p(x,B t2 -B tl ,...,B tn -B tn _ 1 )]\ x=Bti ]]. 

The proof of Lemma 4.6 is complete. ■ 

Lemma 4.7: For all ip G Lip(IR n ~ 1 ), n > 1, and < t\ < t 2 < ... < t n , we 
have 

EiDE 2 [(p(B t2 — B tl , —,B tn — Bt^)] 
= t 1 Ut 2 [t 1 Ut 2 [i P {y 1 B tz -B t2 ,...,B tn -B tn _ 1 )\\ y=Bt2 _ BH } 

Proof: Lemma 4.2 allows to repeat the arguments of the Lemmas 4.3 to 
4.6 in 7i\^ . The result of Lemma 4.7 then follows. ■ 

Finally, we have: 

Lemma 4.8: Let ip £ Lip(R n+1 ), n > 1 and < h, ...,t n < s. Then 
EinE 2 [^(J3 tlJ 5i 3 ,...,J3 tnJ 5t-J3,)] 

Proof: Without any loss of generality we can suppose < ti < t 2 < ... < t n . 
Then there is some <p £ Lip(W n+1 ) such that (p(B tl , B t2 , B tn , B t — B s ) = 
{p(B tl ,B t2 - B tl ,...,B tn - B tn _ x ,B t - B s ) e U t . With the notation x = 
(x\, ...,x n ), and due to the Lemmas 4.1 to 4.7 we have 

E\\JE 2 [(p(B tl , B t2 , ...,B tn ,B t - B s )] 
= E 1 nE 2 [$(B tl ,B t2 -B tl ,...,B tn -B tn _ 1 ,B t -B s )} 

= EiDEapEiDEa^x, J3t - B s )]\,= { B tl ,B t2 -B H ,...,B tn -B tn _,)]] 

= tA^A^Bt - B s )]\ x=[BtitBt2 _ Bt j] 

= E 1 nE 2 [E 1 nE 2 [ l p(x 1 ,...,x n ,B t -B s )]\ {xi ^ 
The proof of Lemma 4.8 is complete now. ■ 

Let us now come to the proof of Lemma 3.9. 

Proof (of Lemma 3.9) : In a first step, we will prove that for each 
ip £ C Mip (]R n+1 ) there exists a sequence of bounded Lipschitz functions 
(p>n)n>i such that 

Ei [\ip N (B tl ,B t2 ,..., B tn , B t - B s ) - ip(B tl , B t2 , B tn , B t - B a )\] 
— > 0, as N — > 00. 
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For this end we put 

l N (x) = (x A N) V (-N),N > 1, 

and 

<Pn(xi, —,x n+ i) = lp{In{x\), ...,In(xu+i)), 
and we notice that 

Ixl 2 

\x — In(x)\ < f° r au x e ^- 
Obviously, the functions <^jv are bounded and Lipschitz, and, moreover, 

= \(p(l N (xi), ...,l N (x n +i)) - ip{x\, ...,X n+ i)\ 



c(i + ixir + ... + i^+ii m )VEr=i k 

where C and m > are constants only depending on ip. Then, in virtue of 
the finiteness of E x [(l + \B h \ m + ... + \B tn \ m + \B t - B s \ m )(Y!l=i \B U \ 4 + 
\B t - -B s | 4 )2], we get 

EiO^jv^,^, ...,B tn ,B t - B s ) - <p(B tl ,B t2 ,...,B tri ,B t - B s )\] — ► 0, 
as AT — ► oo. 

Let xi = (xi,...,x n ) and Yi = (B tl , B t2 , B tn ). Then, due to our above 
convergence result, 

|EiQE 2 [(pff(Yi,Bt -B s )}- EAMYuBt - B s )}\ 

< EiDE 2 [1^(^,5* - B s ) - v(Yi,B t - B 3 )\] 

< E^ifNiY^Bt - B 8 ) - p(Y 1} B t - B a )\] 
— ► 0, as N — ► oo, 

and, from Lemma 4.3, 

lEiDEapEiLTEa^Cxi, B t - B s )]| xi=n ]] 
-EiDEapEiDEa^Cxi.Bt - B s )]| Xl=y J]| 

< E 1 DE 2 [E 1 nE 2 [|^(x 1 ,^ - B s ) - p{ Xl ,B t - B s )|]| Xl=y J 

< Ei[|^(yi, B t - B 8 ) - <p(Yi,B t - B s )\] 
— ► 0, as N — ► oo. 
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On the other hand, from Lemma 4.8 we have 
E 1 at 2 y N {B tl ,B t2 ,...,B tn ,B t - B s )) 

Combining the above results we can conclude that 
E 1 nE 2 [ l f(Bt 1 ,Bt 2 ,...,B tn ,Bt - B a )] 

The proof is complete now. ■ 
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